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Abstract:

In this paper a fractional-order sliding mode controller (FOSMC) is proposed to control the chaotic fractional-
order li's system. Sliding mode control is a robust controller and its objective is to allo the system states to
move to the sliding surface and remain on it. The stability analysis for the proposed control is performed based
on the Lyapunov stability theorem. Simulation results show the ability of the proposed controller to improve the

system performance.
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1. INTRODUCTION
In the recent past there is increasing interest
in Fractional Calculus which deals with
integration/differentiation of arbitrary orders.
Fractional-order dynamic systems, which are
as a generalization of integer-order dynamic
systems, In provide better mathematical
models for some actual physical and
engineering systems [1]. We can find many
applications in electrochemistry, visco-
elasticity, control, and electromagnetic [2,3].
The fractional-order nonlinear dynamic
systems have many dynamic behaviors
which are similar to the integer-order
systems, such as bifurcation, chaos, and
attractor [4-5]. The fractional-order chaotic
systems are widely studied due to their
potential applications in different fields as
physics, chemistry, biology, ...[2].
Some control methods are proposed to
control fractional-order chaotic systems, such
as linear feedback controller, backstepping
controller, sliding mode method, and the
Lyapunov equation-based method [1]. In all
these cases, the stability of the whole
controlled system has to be analyzed using
the fractional-order techniques as well.
The stability of a fractional-order nonlinear
time varying system is proposed by Diethelm
[6], but the result is valid only for scalar
fractional-order systems.

Recently, control and synchronization of
fractional-order chaotic systems; using
sliding mode control techniques have

attracted the attention of many scholars.
Sliding mode control is well known for its
good robustness against disturbances and
parameters uncertainties [7-10].

In this paper a fractional-order sliding mode
controller (FOSMC) is proposed to control the
chaotic fractional-order IU’s system.
Numerical simulations are given for three
fractional-order chaotic systems to verify the
effectiveness and the universality of the
proposed control method.

This paper is organized in the following
manner. In Section 2 the preliminaries and
some definitions are presented. Some control
criteria of fractional-order chaotic systems
are proposed in Section 3. In Section 4,
numerical simulation of the system shows the
effectiveness and the universality of the
control method. Finally, conclusions are
given in Section 5.

2. PRELIMINARIES ABOUT
FRACTIONAL CALCULS

Definitions of Fractional Derivatives and
Integrals:

Fractional calculus is a generalization of
integration and differentiation to non integer
order fundamental operator aDi“; where a
and t are the bounds of the operation and a
€ER. The continuous integro-differential
operator is defined as:
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d1 >0
atd q
aDi* = 1 Q=1 (1
t
J,(d7) q<0
Two most frequently used

definitions for the general fractional
differintegral are [6]:

-The Grunwald-Letnikov (GL) definition is
formulated as:

DUf(t) = Sof(t) = £o(r) =
=3 o1 (7) fle—jh) ;@ = 0

A

n nl
)= 2
(J) Jjli(n—j)! @
-The Riemann-Liouville (RL) is formulated
as:

Iimh—>0

1 an

DS (6) =y i Jog (= DT (@t

mn-D<a<n (3
M(x) = [, t*le7ldt :vxeR";

is gamma Euler function.

Fig. 1 LG System chaotic behavior.

Grinwald-Leitnikov (G-L) Approximation

For numerical calculus of fractional-order
integrals and derivatives, we can use the G-L
definitions and equations.

Thus, for a causal function f(t) and for t = kh,
the fractional-order derivative is given as
follows [12]:

DI (kh) = S f(6)=h™ 5o w; W) £ (kh —

jh) (4)
where,
1 j=0
Wj(ﬂ):{ (1- Ltu Wj(ll—l) =1k
J

3. SYSTEM DESCRIPTION

Consider a class of three dimensional
fractional order chaotic system, described as:

DUV = —gx +y.f(x,y,2)

DU = —By + g(x,y,2) (5)
DU = —xz + yh(x,y, z)

where q;(i=1,2,3) are fractional orders
satisfing 0<q;<1; X, Yy, z are state
variables ; a, 3, ¥ are known constants : U is
the controler ; each of three fonctions : f(.),
g(.), h(.), is considered as continuation
nonlinear vector functions belonging to
R3 - R space.

Remark 3.1

The fractional-order system (5) is called a
commensurate fractional-order system if, Qp
= (2 = (3 = Q; Otherwise, we call the system
(5) a non commensurate fractional-order
system.

Remark 3.2

Note that many fractional-order chaotic
systems belong to the class system
characterized by (5) ; Such as: the fractional-
order Lorenz, fractional-order Chen;
fractional-order Lu’; fractional-order
liu system.

It shows that these fractional-order chaotic
models can be described by the proposed
systems in (5), as summarized in Table 1.
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4. CONTROL DESIGN

The control input u(t) is added to the second
state equation in order to control chaos in the
fractional-order system (5). The proposed
class of fractional-order model (5) can be
described as:

D(ql) = —ax+yf(X,}IaZ)
DU = —By + g(x,y,z) +U(t) (6)
D(q3) = —%Z =+ yh(x,y! Z)

The reaching phase and the sliding
phase:

When the fractional-order system operates in
sliding mode the sliding surface S(t) and its

derivative S(t) must satisfied:
t
50 =pP0) + [ p@ dr=0
0

S(t) =D (y) + ¢(t) =0 ®)

So from the second equation in the system
(5) we obtained:

D% 1(t) = — ¢p(t) = — x.f(x,y,2) —

Table 1 Class of chaotic systems z.h(x, Y, Z) — B.y (9)
Name model f (x,y,2) g (X,y,2) h (x,y,2)
Chen x?t =a(y(t) — x(t)) a dx-xz X
Y (@)= dx(t) — x()z(t)+cy(t)
Z(®3) == x(t)y(t) — bz(t)
Lorenz x?t =a(y(t) — x(t)) a X (b-2) X
Y @2 == x(t)(b - 2(1)) - y()
793 = x(b)y(t) — cz(t)
Lu X@ =a(y@)-x(t) |a Xz X
Y@ = cy(t) — x(t)z(t)
7@ = x(t)y(t) — bz(t)
liu X@) = —qx(t) — ey?(t) -ey -kxz Mx
Y@ = py(t) — kx(t)z(t)
73 = —cz(t) + mx(t)y(t)

In order to design the sliding-mode controller,
the proposed fractional sliding surface is
defined as:

5(t) = DN (y) + [ p(v) dr (7)

where ¢(t) is a function described by:

o(t) = x.f(x,y,z) + z.h(x,y,z) + B.y

The sliding mode control will be designed in
two phases:

U(®) is the total control :
U= Ugq+Usy, (10)

Ueqis the equivalent control ; Uy, is the
switching control of the system.

The equivalent control U is derived from the
system (5) as:

Ueq :qu_l(y)_g(xuylz)_ By (11)
The switching control can be chosen as:

U, = k.sgn(S); (12)
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where:
-1 S(t)<o0
sgn(S)(t) =40 S()=0
1 sS@)=0

Where k is the gain of the controller (k<0),
Then;

U=D%"1y(t) — g(x,y,z) — B.y+k.sgn(S)
(13)

5. STABILITY ANALYSIS

Theorem :

The nominal fractional chaotic system in
Equation (5) is asymptotically stabilized;
under the proposed sliding control law in
Equation (13).

Proof :

Define the Lyapunov function candidate:
V= %SZ (14)

The time derivative of V is given by:

V =55 =5(D%%1(y) + ¢(1))
V=5(g(xy.2) = By + u(®) + x -
f(xy,2) + zh(xy,2)+By)

V =S(k.Sgn(S)) =k/|S|< 0.  (15)

The Lyapunov fonction satisfies the condition
of Lyapunov theorem (V=0 ; V<0); the
system in the presence of the control is
globally asymptotically stable.

6. SIMULATION RESULTS

In this Section we will apply the proposed
sliding mode controller to the fractional-order
LU system given by:

x@ = a(y(t) — x(t))

Y@ = cy(t) —x(t)z(t)  (16)

7@ = x(t)y(t) — bz(t)
With:a=36;b=3; c=20;

where X(t), y(t) and z(t) are state variables
and 0 < (1, (2, g3 < 1 are fractional orders.

The simulation results are carried out
using the MATLAB software.

For the fractional orders values (1 = 0.985
and g2 =0.95; g3 = 0.98,

The system in Equations (5) without the
controller exhibits a chaotic behavior, as

shown in Fig. 1, when (a, b, c,) = (36, 3, 20).

0 0 20 A0 AW S0 AN U0 A W 000

Fig. 2 Controlled system responses.

X)) = a(y(t) — x(t))

Y@ = cy(t) —x(t)z(t) + U() (@17)
7@ = x(t)y(t) — bz(t)
With:a=36;b=3;c=20;

To propose a sliding mode control scheme,
we define the sliding surface as follows
[4,11]:

Sliding surface :
S() =DI2 y(t) + [,y (r)dr  (18)
with

Y(t) = xf(x,y,z) + z(t)h(x,y, z)
+ By (t).

Y(t) = ax(t) +xz(t) + cy(t)
Y(t) = 36x(t) +xz(t) +20y(t)
The contoller U:

U=1uUgq + Uy
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U(t) = D9%y(t) + x(t)z(t) + py(t)
+ ksgn(s). k <O

U(t) = —ax(t) + ksgn(s) (19)
Thus,
U(t) = —36x(t) + ksgn(s) (20)

The simulation results are shown in Fig. 2. It
is obvious that the system is stabilized and all
the states converge to a fiwed point.

7. CONCLUSION

In this study, a class of fractional-order
chaotic systems has been introduced.
According to the Lyapunov stability theorem,
a sliding mode control law has been
designed to control chaos in the systems.
Based on the sliding mode control method,
the states of the fractional-order system have
been stabilized. Finally, numerical
simulations on the control of Ll system are
given to verify the effectiveness of the
proposed control scheme.
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